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1 Equilibrium model B

1.1 Conserved dynamics

Let us define ¢(r,t) to be the rescaled density. The coarse-grained Hamiltonian can be written as:
b
selol = [ ar {567+ J6* + 51v0l7)}, 1)
v 2 4 2

where b, k > 0 (otherwise the energy is not bounded from below). a can be positive or negative. Note
that dr is the differential volume, which is sometimes also written as dV or d%r (in d-dimension).
The dynamics then follows the conservation law:

0¢ 0H

—4+V.-J=0 d J=-A\V—+A, 2

8t_+ an 5% + (2)
where A > 0 is the mobility. Correspondingly, the global density ¢, = % [ ¢dr is constant with
time. A(r,t) in the equation above is a Gaussian white noise with zero mean and Dirac delta-
correlation:

(Ao (r, A 4(x #)) = 2AT6, 50(x — 1)0(t — 1), (3)

The noise correlation above satisfies FD'T, which guarantees that the system will be in thermal
equilibrium with a heat bath of temperature T' at steady state t — oc.

The equilibrium state of the system depends on the value of a and ¢;: - @ > 0 or a < 0 and
|pg| > /7 homogenous state - a < 0 and |¢y| < \/5*: phase-separated state.

import numpy as np
import matplotlib.pyplot as plt

b, kappa = 1.0, 1.0
phi = np.arange(-2.0, 2.0, 0.001)

fig, ax = plt.subplots(figsize=(4,4))

ax.set_title('Phase diagram')
ax.set_ylabel('$a$")
ax.set_xlabel ('$\phi_0$"')
ax.set_xlim([-1.5, 1.5])
ax.set_ylim([-1.25, 0.75])



a = —bxphi**2
ax.plot(phi, a, c='red')

ax.annotate('Homogenous state \n = equilibrium state', xy=(0.0,0.2))

ax.annotate('Droplet state \n = equilibrium state', xy=(-0.6,-0.7))

ax.annotate ('$\phi_O=\pm\sqrt{\\frac{-a}{p}}$', c='red', xy=(-0.5,-0.25),
xytext=(-1.4,0.0), arrowprops=dict(facecolor='red'))

plt.show()
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1.2 Steady state statistics

In the steady state t — oo, and for a fixed value of a, the probability of obtaining some configuration
¢(r), for any time ¢, is given by the Boltzmann distribution:

1
Ppx)] = 5 e 0N, (1)
where Z is the partition function:
Z = / D e T, (5)

Note that the Hamiltonian F[¢] is a fluctuating quantity since ¢ is a fluctuating field. To get the
thermodynamic energy, we then have to average 7 [¢] over the stationary distribution P,[¢]:

(), = / D6 H(6|P,[9), (6)
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where in the above (...)  indicates averaging over stationary distribution P[¢]. Now the thermo-
dynamic entropy of the system & is defined to be:

§=—(nPp),_. (7)
Substituting P,[¢] to the above equation, we then derive the total free energy of the system:
F=-ThZ= () —-TS. (8)

Note that in some literature H is sometimes called the coarse-grained free energy and # is the
total free energy.

1.3 Gaussian approximation

Let us consider the equilibrium homogenous state. In steady state, we have an ensemble of different
configurations ¢(r)’s from different time steps. Let us now write ¢(r) as:

p(r)= ¢y + d(r) : 9)
N~/ _
mean field fluctuations around mean field

where d¢(r) is assumed to be small. Substituting the above into the Hamiltonian #[¢], we get:

a b K

010) = [ e {§ (60 + 607 + (00 -+ 60)* + 5 VE0f | (10)

1%

b

~ [ {508+ 20000 + 667 + (64 + 400 + 66808%) + TIVOSP ), (1)

1%
where we have ignored higher order terms ~ §¢3. Now since ¢ is conserved, we must have fv dpdr =

0, and thus:
2
H[6¢) = V (%g + b¢>g> +/ ar (&4 2090 542 1 B ivsgp L. (12)
270" 4 . 2" 2 2

Ho

The first term #, = constant is the mean field energy. Let us consider a d-dimenional box as our
system. Now we can define the Fourier transform of d¢(r):

() = = D B (13)

1 A
0y, = /drégb(r)e’q'r, (14)
q /V v
where V = L4 and 5 4 6
7r m us
= —t—,+—, .. h =1,2,...,d. 1
Q(jl 07:l:L7:l:L7:|:L7 ,WereOZ = 7d (5)
More succintly, we can write
2
q= %n , where n € 79, (16)



The Hamiltonian then becomes:

seldog) = oo+ [ dr{(;‘ %) 7 > bt 010" 2;3@.@q/)(s%g%,euqm).r}

a,9’
(17)
b 1 o,
=Hy+ Z (; & %) 00400y = / dreila+d’) r+z ) - (14" )0pq 00y % / dreilatd’)r
a.9’ q,9’ 14
(5q77q/ 5q1q/
(18)
1
=Hy+ §Z(a+3b¢3+mq2) 0¢4/° (19)
a
To simplify the notation, let us define:
a+ 3bg2 + Kkq?
Gla) = “HROIRT (20)
so that the stationary probability distribution becomes:
1 1 2
Puf00q) = et ma i 1)

q

Note that since J; = constant, we can absorb it inside £. Now we can compute 2:

_ (H / d5<z>q) o8 Cq Gla))60g? (23)
“11 ( / dsé, e——G<q>|6¢qP) (24)

The integral inside the round bracket is a Gaussian integral over the two random variables: Re(d¢,,)
and Im(d¢,). However these two variables are not independent since dpq = 09~, and effectively,
this is just a one-dimensional Gaussian integral. Thus,

2T
2= 1;[ @ (25)

In particular, we can calculate the total free energy:

F=-ThZ (26)
T 2T
= 2quAnln (G(q)) (27)
\% Dmax 1 2
=T [t (). 2%)



Note that 1 = An = %Aq. In the equation above, €2, is the solid angle in d-dimension:

27Td/2
= Ty 29)

and ¢q,,,. is the cutoff wavevector. Typically g, >~ 7/Ax, where Az is the lattice size.

1.4 Spatial correlation

The spatial correlation function is defined to be:

C(r,x’) = (0¢(r)dp(r')) . (30)

This measures the correlation of the density field at r and r’. Substituting the definition of Fourier
transform, we get:

1 . A4
Clr,x') = & Y (56400y) elarela . (31)

a,q9’

However, since we have translational symmetry, we must C(r,r’) only depends on r —r’, i.e.,
C(r,x’) = C(r —r’). Thus, (6¢,0¢, ) must have the following form:
<5¢q5¢q’> <’5¢q‘ >S q,—q’ (32)

so that

(r—r’) E a(r-r’) (33)

4 s

is a function of r — r’ only. S(q) = <|5¢q]2>8, which is the Fourier transform of C(r), is called the
structure factor.

For Gaussian statistics, the partition function can be written as:

q

Now consider:

;88 1 (H/d&b ) Wq‘z (@002 (35)

1
—3 (1694P%). (37)
Thus we obtain the formula for the structure factor from the partition function:

o ,0InZ
S(a) = (|6¢,] >s = _2m~ (38)



Using the expression for In Z, we compute above, we can find:

9 a(q)
S<q>‘aa<q>qzln( o ) (39)

 a+3bd3 + kg

1.5 Numerical simulation

Let’s consider d = 1 system for now. The generalization to higher dimension is straightforward.
The equation we are solving is:

op  0* [6H 0
g Y (w + VRMT A, 1), (42)

where A(x,t) is Gaussian white noise with mean and variance:

(Az,t)) =0 (43)
(AMz, t)A(z",t")) =6(x —x")o(t —t). (44)

In computer simulations, the space x is discretized into lattice with step size Ax:
x — iAx, where i =0,1,2,... N, — 1, (45)

where N, is the total number of lattice sites. The system size is then L = N, Az. Similarly, time
is also discretized into:
t — nAt, where n =0,1,2,...,N, — 1, (46)

where N, is the total number of timesteps we are running the simulation for. Consequently, the
density field and the noise current become:

o(z,t) = ¢} (47)
Az, t) — A7 (48)

Next we need to regularize the Dirac delta function:

61/ i/
Oy
St—t') — Ar (50)

Thus we need to define a new noise:
A" = VAZALA?, (51)
so that the correlation for this new noise is just a Kronecker delta:

(APA™) =6,,,6, (52)

mn-ij*



Recall the Hamiltonian functional:

916) = /OL d {f<¢> vk (gff} , (53)

where f(¢) = %¢2 + %c/)‘l. In discrete space, the gradient operator becomes:

% N Git1— Pia

Ax?). 4
Ox 2Ax +0(Az%) (54)
Therefore, the Hamiltonian functional becomes:
H{gl = H{¢;} (55)
N,—1 2
N K (Qig1 — P
— A ) v i+1 7 1)
> a {f(@) + 5 (Bt (56)
N,—1 .
= Z; Az {f(@) t3A2 (671 — 205410; 1 + O7_ 1)} (57)
The functional derivative in discrete space is defined to be (for d = 1):
0K 1 0H
5o Br o, (58)
K
+ A2 (¢]+1 20,0191 + 45] 1)} (59)
= Z {f 8A Ao <2¢]+161 41— 2054105 51 — 205 10; 541 + 2¢j716i,j71>} (60)
— 10+ a3 (65— bz — i + B) (61)
o ¢’L+2 2¢ + ¢ 2)
= (o) —r (P20 (62)
Now if we recall the continuum version of functional derivative,
OH , 0%¢
% = f'(¢) — “@a (63)
the Laplacian operator should then be equal to:
2
L — 2. .
00, Pia = 20i ¥ iz | g(py), (64)

0x? 4Az?
Notice that the second derivative skips a lattice site, compared to the first derivative.

Now putting everything together, the discretized dynamics has become:

n+1 n OI |09} o — OF 0P} + DT |09} 4 N / Ay — A
o =0+ AL Az ( 4Az? ) 2Az
(65)




where {A7'} are a set of independent Gaussian random variables with zero mean and unit variance.
Taking the limit of continuous time, we can write the above equation as:

06 _ . 0%
ot Yogr

+ 9550 (66)

where

M
Fij = m(%m - 5i,j—2 - 6i,j+2> (67)

| MT
9i5 = m(@gq - 5i,j+1)~ (68)

Now we can verify FDT
MT

9ir9jk = m(‘sz’,kq =0 k1) (6 51— 0j gv1) (69)
MT
= m(@‘,j + 05— 6ijy2 — 0ij2) (70)

or gg7 = gTg=2IT.
For d = 2 dimension, the spatial coordinates are:

x — iAx, where i =0,1,2,... , N_—1 (72)

y — jAy, where 7 =0,1,2,..., N, — 1, (73)

Yy

The discretized Langevin equation is:

2MT

n+1 n / n
where the gradient and Laplacian operator are:
0bij  bip1;—Gi1y
vy _ il 1—1, A 2
97 9AT + O(Azx?) (75)
00i; i1 — Pij
= b b O(Ay? 76
9y ony OB (76)
Givo i =200+ Gio i Biiio—2bi+ Di s
2 i+2,] ij i—2,j (¥hs ij i,
= O(Ax).
V=0, N + 1Ay + O(Ax) (77)
In Numpy, ¢ is represented as an array:
Poo P01 ¢0,Ny—1
o= ¢_10 11 ‘ (bl’J\./y_l 1 z-direction (78)
On,—10 OnN,—11 - ¢Nz—1,Ny—1
— y-direction (79)

Notice that the z and the y axis are transposed.



[14]: import numpy as np
import matplotlib.pyplot as plt

dx = 0.25 # lattice step size dz = dy

dt = 0.001 # time discretization

Nx, Ny = 256, 256 # system size Lz = Nzx.dz and Ly = Ny.dy
Nt = 100000 # total number of timesteps

M=1.0

a, b, kappa = 0.5, 1.0, 1.0
T=0.1

phi0 = 0.5

# array of cartesian coordinates (needed for plotting)
x = np.arange(0, Nx)*dx
y = np.arange(0, Ny)x*dx
y, x = np.meshgrid(y, x)

# method to calculate the laplacian
def laplacian(phi):
# axts=0 —--> roll along z-direction
# axzis=1 —--> roll along y-direction
laplacianphi = (np.roll(phi,+2,axis=0) - 2.0*phi + np.roll(phi,-2,axis=0))/
o (dxdx*xdx) \
+ (np.roll(phi,+2,axis=1) - 2.0*phi + np.roll(phi,-2,axis=1))/
o (4d*xdx*dx)
return laplacianphi

# method to calculate the gradient

def diff_x(phi):
diff_x_phi = (np.roll(phi,+1,axis=0) - np.roll(phi,-1,axis=0))/(2*dx)
return diff_x_phi

def diff_y(phi):
diff_y_phi = (np.roll(phi,+1,axis=1) - np.roll(phi,-1,axis=1))/(2*dx)
return diff_y_phi

# update pht

def update(phi):
# calculate noise: create an Nz by Ny matrixz of random numberes
Lambda_x = np.random.normal(0, 1, size=(Nx, Ny))
Lambda_y = np.random.normal(0, 1, size=(Nx, Ny))

# calculate mu
mu = a*phi + bxphi*phi*phi - kappa*laplacian(phi)
divLambda = diff_x(Lambda_x) + diff_y(Lambda_y)



# update phi
phi = phi + dt*Mslaplacian(mu) + np.sqrt(2#M*T*xdt/dx**2)*divLambda

return phi

# plot phi

def plot(phi):
# tnitialize figure and movie objects
fig, ax = plt.subplots(figsize=(6,6))

ax.set_title('$\phi(\mathbf{r})$', fontsize=14)
ax.set_aspect('equal')

ax.set_xlabel('$x$', fontsize=14)

ax.set_ylabel('$y$', fontsize=14)

ax.set_x1im(0, Nx*dx)

ax.set_ylim(0, Ny*dx)

ax.tick_params(axis='both', which='major', labelsize=12)

colormap = ax.pcolormesh(x, y, phi, shading='auto', vmin = -1, vmax = 1)
colorbar = plt.colorbar(colormap)
colorbar.ax.tick_params(labelsize=12)

plt.show()

# plot A(t)
def plot_A(dt, A):
Nt = len(A)
t = np.arange(0, Nt, 1)*dt

fig, ax = plt.subplots(figsize=(6,4))

ax.set_title('global average of $\delta\phi~2$', fontsize=14)
ax.set_xlabel('$t$', fontsize=14)

ax.set_ylabel('$A(t)$', fontsize=14)
ax.tick_params(axis='both', which='major', labelsize=12)
ax.plot(t, A)

plt.show()

In simulation it might be useful to track some macroscopic quantity to check whether the simulation
has reached a steady state or not. For instance, we may track the global fluctuations squared:

Alt) = % /V S(r, )2 dr. (80)

[15] : | #####HHHHHHBHBHHRRHHHH
# run the stmulation #

10



HERRAABRRHBRRRARRH GRS RH

# initialize pht
phi = np.ones((Nx, Ny))*phiO
A = np.zeros(Nt)

# loop for Nt timesteps for until system reaches steady state
for n in range(0, Nt, 1):
dphi = phi - np.ones((Nx, Ny))*phiO
A[n] = np.sum(dphi*dphi)/(Nx*Ny)
if n % 10000 == O:
print(f't = {n*xdt}')
phi = update(phi)

plot(phi)
plot_A(dt, A)
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1.6 Using fast Fourier transform in Numpy

The method to perform a 2-dimensional discrete Fourier transform on the array phi and save it to
another array phi_ q is:

phi_q = numpy.fft.fft2(phi, norm='ortho')

The discrete Fourier transform in Numpy is defined to be:

inverse Fourier transform) (81)

1 qr
P(r) = 7/@ ; qu@ (

—tar  (forward Fourier transform). (82)

1
bgq = \/TT]Vy Z p(r)e

But we want:

6r) = — = 3 0ge (53)

X Yy q

! = Z AzAy ¢(r)ear. (84)

VLI,

f dr

so we need to multiply the forward Fourier transform in Numpy by 1/AxzAy and divide the inverse
Fourier transform in Numpy by \/AxzAy. Also note that the array ¢, is arranged in a peculiar way

13



in Numpy:

bq = ¢0‘ p2x

(ﬁm ‘ ‘ ¢27r(N/271) (25277(71\1/2) ‘ ¢27r(—N/2+1) ‘ ‘ ¢27r(—1)
L L L L L

total length=N
So we also need to shift each element of the array to the right by N /2.

[16]: # method to plot S(q)
def plot_Sq(dx, dy, Sq):
Nx = np.shape(Sq) [0]
Ny = np.shape(Sq) [1]

# define wavevector

gx = 2#np.pi/(Nx*dx)#*np.arange(-Nx/2,Nx/2,1)
qy = 2*np.pi/(Ny*dy)*np.arange(-Ny/2,Ny/2,1)
qy, gx = np.meshgrid(qy, gx)

# contour plot of S(q)
fig, ax = plt.subplots(figsize=(6,6))

ax.set_title('$S(q)$', fontsize=14)
ax.set_aspect('equal')

ax.set_xlabel('$q _x$', fontsize=14)
ax.set_ylabel('$q_y$', fontsize=14)

ax.set_xlim(-5,5)

ax.set_ylim(-5,5)

ax.tick_params(axis='both', which='major', labelsize=12)

colormap = ax.pcolormesh(gx, qy, Sq, shading='auto', vmin=0, vmax=0.1)
colorbar = plt.colorbar(colormap)
colorbar.ax.tick_params(labelsize=12)

plt.show()

# slice plot of S(q)
fig, ax = plt.subplots(figsize=(6,4))

ax.set_title('Structure factor', fontsize=14)
ax.set_xlabel('$q _x$', fontsize=14)
ax.set_ylabel('$S(q_x)$', fontsize=14)
ax.set_x1im(0, 6)

q = 2*np.pi/(Nx*dx)*np.arange(-Nx/2,Nx/2,1)
ql = 2*np.pi/(Nx*dx)*np.arange(-Nx/2,Nx/2,0.0001)
Sq_theory = T/(a+3*b*phiO**2+kappa*ql**2)

ax.scatter(q, Sql[:,int(Ny/2)], c='red', label='simulation')
ax.plot(ql, Sq_theory, label='theory')

14



[17]:

plt.legend(fontsize=14)
plt.show()

HAHRAAA AR A AR AR AR AR RRRRRRRRRRAAAAAAA
# calculate the structure factor #
HARAAAAARAR AR AR BB RRRRRRRRRRAAAAAAH

# calculate the time average <[/dphi_q/ 2>, or S(q)
Sq = np.zeros((Nx, Ny))

# loop again for Nt timesteps
for n in range(0, Nt, 1):
dphi = phi - np.ones((Nx, Ny))*phiO
dphi_q = np.fft.fft2(dphi, norm='ortho')*np.sqrt(dx*dx)
Sq = Sq + np.real(dphi_g*np.conjugate(dphi_q))
if n % 10000 == O:
print(f't = {nxdt}')
phi = update(phi)

Sq = Sq/Nt
# needs to shift rows and columns in order before plotting

Sq = np.roll(Sq,+int(Nx/2),axis=0)
Sq = np.roll(Sq,+int(Ny/2) ,axis=1)

plot_Sq(dx, dx, Sq)

= 0.0
= 10.
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= 50.
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= 80.
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1.7 Pseudo-spectral simulation

The equation we are solving is:

%f — MaV2¢ + MbV2¢® — MkVi¢ + V2MTV - A (86)

Taking Fourier transform, we get:

09

- =M (aq® + Kq*) g — Mb?F (%] + V2MTiq - A, (87)
The algorithm will be:
Real space ‘ — ‘ Fourier space
3 . 3 .
calculate ¢, ¢ and V- A T BET bq» F¢°]q and F[V - A], (58)
update | timestep
get ¢ at the next timestep | <—FFT ¢q at the next timestep

Recall that Fourier transform array in Numpy is arranged in a slightly peculiar way. So for this
code, we have defined the g-vector to be:

q :’ 0 ‘ 2%1— ‘ 27r£2) ‘ ‘ 27T<NL2—1) 27r(—LN 2) 27r(—]}i 2+1) ‘ ‘ @ ‘ (89)

total length=N
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[18]: import numpy as np
import matplotlib.pyplot as plt

dx = 0.5 # lattice step size dz = dy

dt = 0.0001 # time discretization

Nx, Ny = 128, 128 # system size Lz = Nz.dz and Ly = Ny.dy
Nt = 1000000 # total number of timesteps

M=1.0

a, b, kappa = 0.5, 1.0, 1.0
T=0.1

phiO = 0.5

# array of cartesian coordinates (needed for plotting)
x = np.arange(0, Nx)*dx
y = np.arange(0, Ny)x*dx
y, x = np.meshgrid(y, x)

# define wavevector

gx = 2*np.pi/(Nx*dx)*np.concatenate((np.arange(0, Nx/2, 1), np.arange(-Nx/2, 0,
<1)))

qy = 2*np.pi/(Ny*dx)*np.concatenate((np.arange(0, Ny/2, 1), np.arange(-Ny/2, 0,
<1)))

qy, 9x = np.meshgrid(qy, gx)

92 = gx*gx + qy*qy

qé4 = q2%qg2

# update pht

def update_pseudo_spectral(phi):
# calculate noise: create an Nz by Ny matrixz of random numberes
Lambda_x = np.random.normal(0, 1, size=(Nx, Ny))
Lambda_y = np.random.normal(0, 1, size=(Nx, Ny))

# Fourter transform phi, pht 3, and Lambda

phi_q = np.fft.fft2(phi, norm='ortho')*np.sqrt (dx+*dx)

phi_cube_q = np.fft.fft2(phi*phi*phi, norm='ortho')*np.sqrt(dx*dx)
Lambda_x_q = np.fft.fft2(Lambda_x, norm='ortho')*np.sqrt(dx*dx)
Lambda_y_q = np.fft.fft2(Lambda_y, norm='ortho')*np.sqrt (dx*dx)

# update pht in Fourier
phi_q = phi_q - dt*M*(axq2 + kappa*q4)*phi_q \
- dt*M#b*q2*phi_cube_q \
+ np.sqrt (2«M*T*dt/dx**2) *complex (0, 1) * (gx*Lambda_x_q +
~qy*Lambda_y_q)

# inverse Fourier transform to get back pht in real space
phi = np.real(np.fft.ifft2(phi_q, norm='ortho'))/np.sqrt (dx*dx)

18



return phi, phi_q

# plot phi

def plot(phi):
# initialize figure and movie objects
fig, ax = plt.subplots(figsize=(6,6))

ax.set_title('$\phi(\mathbf{r})$', fontsize=14)
ax.set_aspect('equal')

ax.set_xlabel('$x$', fontsize=14)

ax.set_ylabel('$y$', fontsize=14)

ax.set_x1im(0, Nx*dx)

ax.set_ylim(0, Ny*dx)

ax.tick_params(axis='both', which='major', labelsize=12)

ax.pcolormesh(x, y, phi, shading='auto', vmin=-1, vmax=1)
plt.colorbar(colormap)
colorbar.ax.tick_params(labelsize=12)

colormap
colorbar

plt.show()

[19] : | ##u###s#H#AH AR AR AR Y
# pseudo-spectral simulation #
HAHRAAA AR AR R AR R AR BRRRRRRRRRAAA

# initialize pht
phi = np.ones((Nx, Ny))*phiO
phi_q = np.zeros((Nx, Ny))

A = np.zeros(Nt)

# loop for Nt timesteps for equilibriation
for n in range(0, Nt, 1):
dphi = phi - np.ones((Nx, Ny))*phiO
A[n] = np.sum(dphi*dphi)/(Nx*Ny)
if n % 100000 == O:
print(f't = {n*xdt}')
phi, phi_q = update_pseudo_spectral (phi)

plot (phi)
plot_A(dt, A)

= 0.0
= 10.0
= 20.0
= 30.0
40.0

ct o o o ot
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[20]:

global average of 6¢?
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0 20 40 &0 80

e
# calculate the structure factor #
e

# define structure factor
Sq = np.zeros((Nx, Ny))
phi_q = np.fft.fft2(phi, norm='ortho')*np.sqrt (dx*dx)

# loop again for Nt timesteps
for n in range(0, Nt, 1):
Sq = Sq + np.real(phi_qg*np.conjugate(phi_q))
if n % 100000 == O:
print(f't = {n*xdt}')
phi, phi_q = update_pseudo_spectral (phi)

Sq = Sq/Nt

# set q=0 mode to zero since this corresponds to phi=constant
Sql0,0] =0

# shift rows and columns to make S(q) in order
Sq = np.roll(Sq,+int(Nx/2),axis=0)
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Sq = np.roll(Sq,+int(Ny/2) ,axis=1)

plot_Sq(dx, dx, Sq)
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